We investigate the dispersion relations of strained as well as complex Lieb lattices systematically based on the tight-binding method when the nearest-neighbor approximation is adopted. We find that edge states will no appear for strained Lieb lattices and PT -symmetry Lieb lattice cannot be obtained. *
I. INTRODUCTION II. RESULTS AND DISCUSSIONS
For investigating the edge states, two methods are mainly used. One way is the nearestneighbor method, which study the system with exact diagonalisation of the cylinder [1] .
Another way is to relate the presence of the edge states to the geometrical phase (Zak's phase) of the bulk [25, 26] . During our theoretical analyses, nearest-neighbor tight-binding method is adopted, which is also true in Refs. [1, 17, 24] .
A. Two-dimensional case
A Lieb lattice is displayed in Fig. 1(a) , in which the lattice sites in a dashed square is a unit cell. We assume that the hopping among the lattice points only happens between the nearest-neighbor (NN) sites, as shown by the double-headed arrows. Therefore, the corresponding Hamiltonian can be written as
(f * rm g rm+e 1 + f * rm g rm+e 2 + f * rm h rm+e 3 + f * rm h rm+e 4 ) + h.c.,
where f * rm is the creation operator on the mth lattice site, r m is the position of the mth lattice site, t is the hopping strength, e 1 = (−a/2, 0), e 2 = (a/2, 0), e 3 = (0, −a/2), and e 4 = (0, a/2). In real and momentum spaces, we have the transform pairs
Plugging Eq. (2) into Eq. (1), we can obtain 
Therefore, we can solve Eq. (5) for its eigenvalues
which correspond to the dispersion relation. In Fig. 1(b) , we display the dispersion relation in the first Brillouin zone with a = 1 (corresponding k x,y ∈ [−π, π]). Note that we always take a = 1 throughout the paper. It is clear that there is a flat band and two symmetric conical bands about the flat band; such symmetry is known as the particle-hole symmetry [10] [11] [12] . The two conical bands posses a Dirac cone located at one corner of the first Brillouin zone and intersected by the flat band, as shown in Fig. 1(c) , which is zoomed in of the region marked by an ellipse in Fig. 1(b) . 
B. Dispersion relations of strained Lieb lattices
Honeycomb lattices can be strained with bearded, zigzag, bearded-zigzag, and armchair boundaries [1, 6], which lead to different dispersion relations. Similar to honeycomb lattices, strained Lieb lattices can also have different boundaries, such as solid, pointy, solid-pointy, zigzag boundaries, etc. Therefore, different strained Lieb lattices may possess different dispersion relations. In this section, we will have a thorough discussion on the dispersion relations of strained Lieb lattices with different boundaries.
Solid edge
The Lieb lattice with solid edges is as shown in Fig. 2(a) , in which we mark off a unit cell with a square. For convenience, we only show one layer, i.e. n = 1. According to the NN approximation, the Hamiltonian can be written as
In momentum space, Eq. (7) can be written as
in which the corresponding Hamiltonian kernel can be written as 
It is clear that the Hamiltonian kernel is a 5 × 5 matrix, and the size of the matrix for any n can be induced as (2 + 3n) × (2 + 3n). In Figs. 2(b1) and 2(b2), we show the band structures of a 40-layer Lieb lattice with two solid edges in
respectively. Even though the band structure is similar to those of a bearded honeycomb lattice [1, 4, 6] , there is no degenerated band (the band at β = 0 is from the flat band) in the energy spectrum. Clearly, there is no edge state for this kind of strained Lieb lattice. 
Pointy edge
A Lieb lattice with pointy edges is exhibited in Fig. 3(a) , in which the unit cell is also marked by a square. The corresponding Hamiltonian in momentum space can be written as 
The dispersion relation of this strained Lieb lattice can be obtained according to Eq. (a) 
Solid-pointy edge
The Lieb lattice can be also strained with a hybrid boundaries, as shown in Fig. 4 (a) -one edge is solid and the other is pointy. The corresponding band structure can be obtained as displayed in Figs. 4(b1) and 4(b2), which are similar to those displayed in Fig. 3 . Therefore, there is still no edge states for this case.
C. Complex Lieb lattices
In the above sections, we theoretically investigate the dispersion relations of strained Lieb lattices with different edges. Similar to honeycomb waveguides [24] , Lieb waveguides may be also made be complex. Since there are three sites in each unit cell of Lieb lattice, we assume one waveguide exhibits gain, and the other two loss.
The structure of complex Lieb waveguide lattices with alternating gain and loss is displayed in Fig. 5(a) . Considering the arrangement in Fig. 1(a) and according to the tight- binding model, the dynamics of the system can be described by
where γ describes the gain and loss of the waveguides, c is the deforming coefficient of the lattice, and ∆ is the detuning in the effective index between adjacent waveguides.
We introduce such solutions
for Eq. (12). Here, F, G, and H are the amplitudes. Therefore, we obtain such eigenvalue
and the corresponding dispersion relation can be calculated as
Clearly, Eq. (14) is same as Eq. (6) if ∆ = γ = 0 and c = 1, so that the dispersion relation is as in Fig. 1(b) . are quite similar to those of complex honeycomb lattices [24] . As demonstrated previously [24] , lattice deformation may lead to completely real eigenvalues even though the lattice is complex. In other word, there exists PT -symmetry lattices. Here, we also deform the complex Lieb lattice and investigate the corresponding dispersion relations. According to Eq. (14), when ∆ = 0 and if 0 < c ≤ (1−γ/t) or c ≥ (1+γ/t), β 2, 3 will be real. However, the flat band β 1 is always complex, because it cannot be adjusted by the deforming coefficient c.
Since the eigenvalues are always complex, there does not exist PT -symmetry Lieb lattice.
Interestingly, the triply degenerate diabolic point will reappear in the real parts of the dispersion relation if c = 1 − γ/t or c = 1 + γ/t. For other cases with 0 < c < (1 − γ/t) or c > (1 + γ/t), there is no degenerate diabolic point. No matter what value of c, the particle-hole symmetry holds for true in real part of the dispersion relation if ∆ = 0.
III. CONCLUSION
In summary, we have investigated the dispersion relations of strained and complex Lieb lattices. We find that there is always no edge state for strained Lieb lattices. As to complex Lieb lattices, PT -symmetric Lieb lattices cannot be obtained, because the flat band is not affected by the deforming coefficient and always complex, even though the imaginary eigenvalues of the top and bottom bands can be waived. This investigation will help people understand the dispersion relations of strained Lieb lattices with different edges and complex
Lieb lattices, and guide people choose right structures to fabricate topological insulators. [3] K. K. Gomes, W. Mar, W. Ko, F. Guinea, and H. C. Manoharan, "Designer Dirac fermions and topological phases in molecular graphene," Nature 483, 306-310 (2012).
